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1. Introduction 



Let Sk be the del Pezzo surface obtained by blowing up k generic points on Fq, 3 < A; < 7, 
and let Xk be the total space of the canonical bundle Ks,.', Xk is a noncompact Calabi- 
Yau threefold. In this note we compute the partition function of the topological A-model 
with target space X using complex structure deformations and the ruled vertex formalism 
developed in [9]. 

The topological A-model partition function or, equivalently, the Gromov-Witten theory 
of Xk is defined by summing over stable maps to Xk- Since Sk is Fano, any such map 
must factor through the zero-section of the fibration Xk Sk, therefore the Gromov-Witten 
theory of Xk is well defined. We have 

= E E a'r'll [_ e{R'p.ev*KsJ (1.1) 

where /3 is a 2-homology class on Sk and g^^. = (g'a, 96, Q'l, • • • , ?fc) is a formal multi-symbol 
which keeps track of the homology class of the map. The integration is performed against 
the virtual fundamental cycle [Mg^^Sk, P)]^^"^ on the moduli space of stable maps to 5"^, and 
p^ev*Ks^. is the obstruction bundle on the moduli space defined by the following diagram 



Mg,^{Sk,(3)^Sk. 
p 

Mg,0{Sk,P) 



In formula (1.1) we sum over maps with disconnected domain subject to the constraint that 
no connected component of the domain is mapped to a point. 

Note that there is a B-model approach to the computation of topological amplitudes (1.1) 
based on mirror symmetry and holomorphic anomaly equation [17,18,23,24,27-29] and this 
problem has also been addressed in [22] from the point of view of BPS state counting. The B- 
model approach is valid in principle for all genera and all degrees but it is quite cumbersome 
for generic values of the Kahler parameters. Most computations are performed along a one 
parameter subspace in the complexified Kahler moduli space. 

Our goal is to find a closed A-model expression for the topological partition function 
(1.1). As opposed to toric del Pezzo surfaces, one cannot directly use localization with 
respect to a torus action because there is no torus action on a generic del Pezzo surface 
Sk- However we will show in section two that any such surface Sk is related by complex 
structure deformations to a surface S^ which admits a degenerate torus action. In principle, 
since Gromov-Witten theory is independent on complex structure deformations, one could 
try to compute the topological partition function at the special point S^ in the moduli space 
of Sk- This approach is however quite subtle for local Gromov-Witten invariants since 5*^ is 
not a Fano surface, therefore the local Gromov-Witten theory of S^ is not well defined. 

In order to effectively implement this idea in practice, we have to consider complex 
structure deformations of a suitable compactification of Xk- Then the partition function Zx,. 
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can be computed in terms of the residual Gromov-Witten theory of plus extra corrections 
at infinity. In section two we will construct two different compactifications Yk,Zk of 
and study their complex structure deformations. Exploiting invariance with respect to such 
deformations, we will then find a closed form expression for the partition function (1.1) in 
section three. As a byproduct of this approach we will also find a closed from expression for 
the residual Gromov-Witten theory of certain configurations of (—2, 0) curves in a projective 
threefold. 

In the remaining part of the introduction, we would like to discuss the physical applica- 
tions of our results. Local del Pezzo surfaces are usually associated to phase transitions in 
the Kahler moduli space of various string, M-theory, and F-theory compactifications. More 
precisely del Pezzo contractions in Calabi-Yau threefolds are related to quantum field theo- 
ries in four and five dimensions [11,21,31] via geometric engineering. According to [30] del 
Pezzo surfaces are also related via string duality to small instantons transitions in heterotic 
M-theory. In particular, non-toric del Pezzo surfaces seem to be related to exotic physics in 
four, five and six dimensions such as nontrivial fixed points of the renormalization group [13] 
without lagrangian description and strongly interacting noncritical strings [23,24,27,28,30]. 
There is also a relation between non-toric del Pezzo surfaces and string junctions in F- 
theory [14]. In this context, certain problems of physical interest such as counting of BPS 
states reduce to questions related to topological strings on local del Pezzo surfaces. The 
topological string approach is especially useful in the absence of a perturbative description 
of the exotic lower dimensional physics. This seems to be usually the case with non-toric del 
Pezzo contractions. 

In order to make this discussion more concrete, note that the topological partition 
function computed in the paper is related via geometric engineering to instanton effects 
and gravitational couplings [25, 32] in four and five dimensional quantum field theories. 
This relation has been thoroughly investigated for various toric local Calabi-Yau threefolds 
in [7,12,16,19,20], but not for the class of quantum field theories engineered by non-toric del 
Pezzo surfaces. It would be very interesting to find a precise connection between our exact 
results with previous computations performed in the field theory limit such as [27]. 

Another question of physical interest is whether there is a B-model interpretation for the 
A-model approach adopted in this paper. For toric Calabi-Yau manifolds, the topological 
vertex formalism has been given a B-model interpretation involving matrix models and 
integrable hierarchies in [2]. Our exact formulas suggest that there should exist a similar 
interpretation for local-nontoric del Pezzo surfaces. In particular it would be very interesting 
to find a direct connection to the B-model computations performed in [17,18,23,24,27-29]. 
This idea is supported by the fact that the local mirror geometry of non-toric del Pezzo 
surfaces is governed by a holomorphic curve [14,28], just as in the toric case. 

Finally, one can also find applications of the formalism developed in this paper to black 
hole entropy and its relations to topological strings [33]. This connection can lead both to 
a better understanding of the microscopic origins of black hole entropy and to a nonpertur- 
bative formulation of topological string theory. Exact results along these lines have been 
obtained for local curves in [3,34] and local toric surfaces in [4]. These results are based on a 
microscopic description of black holes in local Calabi-Yau geometries in terms of topological 
Yang-Mills theory. Our results suggest that similar results should hold for local non-toric 
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del Pezzo surfaces, although making this connection precise may involve certain conceptual 
puzzles. Since our method is based on compactifications of the local models, one would have 
to understand how to implement an analogous construction in twisted Yang-Mills theory. 
Moreover, in the absence of a torus action on the local surface, it is not clear if the micro- 
scopic count of black hole microstates can be reduced to topological Yang-Mills theory on a 
fixed collection of divisors. One may have to perform an integration over a certain moduli 
space of divisors, which would give rise to various complications. This would make a very 
interesting subject for future work. 



2. Compactification and Complex Structure Deformations 

Following the strategy outlined in the previous section we will construct two projective 
completions of the Calabi-Yau threefolds X^, 3 < k < 7 and suitable degenerations of their 
complex structures. 

Let us first discuss the degenerations of the surfaces Sk- Note that for k = 3,4 one 
can degenerate Sk to a toric surface obtained by blowing up 3 and respectively 4 fixed 
points on Fq with respect to a generic torus action. The resulting surfaces can be viewed as 
ruling over with two reducible fibers. For further reference a reducible fiber consisting of 
p irreducible components^ Ci, . . . , Cp, p > 2, with intersection matrix 



Til 1 
1 ri2 1 












will be called a fiber of type {ni, 

For A; = 3 we have a reducible fiber of type (—2, —1, —2) and a reducible fiber of type 
(— 1, —1) while for A; = 4 we have two identical reducible fibers of type (—2, —1, —2) as shown 
in fig. 1. 
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Figure 1: Curve configurations for dP^ and dP^ degenerations. 



^Note that Ci, . . . , Cp are the reduced irreducible components of the singular fiber. In principle these 
components may have higher multiplicity. For example a fiber of type (—2,— 1,-2) is of the form / = 
Ci + 2C2 + C3 i.e. the middle component has multiplicity 2. 



3 



The degenerations for A; = 5, 6 can be obtained by exchanging a smooth fiber of A; = 4 
with a fiber of type (—1,-1) or (—2,-1,-2), respectively; the k = 5,6,7 degenerations 
are shown in fig. 2. The resulting surfaces 5*° with k = 5,6,7 are not toric, but admit a 
degenerate torus action fixing two sections of the ruling pointwise. Note that in principle one 
can consider many types of degenerations of a del Pezzo surface which admit torus actions. 
However, for reasons that will be explained below we are interested in degenerations with 
at most (—2) curves so that the anticanonical bundle ~Kgo is nef. The self-intersection 
numbers of the canonical sections and fiber components are recorded in fig. 1 and fig. 2. 




-1 -1 -2 
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Figure 2: Curve configurations for dPg, dP-j and dP^ degenerations. 



Next we discuss the projective completions 1^, Z^. 



2.1. Projective Bundle Completion 

A straightforward compactification of is given by the projective bundle = W{Ks,^ © 
Osi,)- The projection map — >■ Sk has two canonical sections S^, Sjl with normal bundle 
Ng+/Y. — ^iid respectively No-iy — —Ks^- Xk is isomorphic to the complement of Sr 
in Yfc. From now on we will refer to S*^ as the divisor at infinity on Y^. Obviously, Y^ is not 
Calabi-Yau. In fact a short computation shows that 

Ky^ = -2S^ (2.1) 

is supported on the divisor at infinity. In particular we have 

k 

Therefore —Ky^ is nef since —Ks^ is ample. 



lereiore — -f^-yj, is nei snice —i\Sk ampie. 
The topological partition function of Yj. is given by 



Zn-Y. E A'-Vn _ 1 (2^2) 

'[M3,o(yfe,/3)] 



where /3 is a curve class on Yk and the integration is performed against the virtual funda- 
mental class on the moduli space of stable maps of Y^. Note that contrary to the common 
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practice in Gromov-Witten theory for non Calabi-Yau target spaces, we have not included 
more general correlators in the definition of the partition function. If were Fano, we would 
simply have Zy^ = 1. However in the present case Yk is not Fano, and we claim that the 
partition function (2.2) reduces to (1.1). 

Indeed, recall that the virtual dimension of the moduli space of stable maps to Yk without 
marked points is given by 

where ( , ) denotes the pairing between cohomology and homology. Any curve class (3 G 
H2{Yk) is of the form 

where n E Z, n > 0, l'^ : Sk ^ Yk denotes the section of the projective bundle Yk Sk 
mapping Sk to S^, and (3~^ G H2{Sk) is a curve class on Sk- Using the formula (2.1), it follows 
that the virtual dimension of the moduli space is 2n > 0. By construction, only curve classes 
with virtual dimension zero have a nontrivial contribution to the partition function (2.2), 
therefore the claim follows. 

We take the degeneration Y^ ofYk to be the projective bundle F{Kgo(BOso) over the ruled 
surface S^. Since Gromov-Witten theory is invariant under complex structure deformations, 
the partition function (2.2) must be equal to the partition function of Y^ 

ZY0 = J29'r" J2 4o [ 1 (2-3) 

up to a simple of variables qyo = q'yo(gy^J which will be written down explicitly in section 
three. This change of formal Kahler parameters reflects the change in the Mori cone of Yk 
as its complex structure degenerates to Y^. 

Following the notation introduced above, we have two canonical sections : S^. ^ Yk 
with images (5°)^. We will also denote by the complement of (5*2)" in Y^. Now the 
main observation is that the partition function of Y^ can be evaluated by localization with 
respect to a degenerate torus action. To explain the choice of the torus action, note that 
there are two distinct torus actions on the total space of the canonical bundle Kgo which 
will be referred to as the diagonal and respectively antidiagonal action in the following. 

The diagonal action is induced by the canonical torus action on S'^ which rotates the 
flbers of the ruling leaving two sections S, S' pointwise fixed. The antidiagonal 

action is obtained from the diagonal action by flipping the sign of the torus weight along the 
flber of the canonical class. This terminology is in agreement with the conventions of [6]. 
Let us denote by Li © L2 and respectively L[ © L2 the normal bundles to the flxed sections 
S, S' in X^. We will also denote by (si, S2), {s[, Sj) the weights of the induced torus action 
on Li © L2 and respectively L[ © Lj. Then the diagonal action on X° induces the diagonal 
action on i.e. 

Si — S2 = 0, s[ — S2 = 
while the antidiagonal action on X^ induces the antidiagonal action 

Sl + S2 = 0, s\ +4 = 
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on Li © L2 and respectively L[ © Lg. 

Since is the complement of the divisor at infinity in Y^, the above torus action will 
extend canonically to Y^. In the following we will use the antidiagonal torus action in 
order to perform localization computations in Gromov-Witten theory. By construction, the 
canonical bundle of Y^ is given by 

Kyo = -2(5°)-. (2.4) 

Repeating the previous arguments, we can show again that only curve classes of the form 
P = itif^^), G H2{S^) will contribute to the partition function. The main difference 
with respect to the generic case is that now we can have effective curves C C ("S*^)^ which 
move in Y^ along normal directions to (S^)^. Therefore we can have in principle classes 
G i/2(>5^) so that 

which were absent in the generic case. Note however that curve classes of the form (3 = 
nf + L'^{f3~^), n > still do not contribute to the partition function since the corresponding 
moduli spaces have positive virtual dimension. Therefore the generic fixed loci in the moduli 
space of stable maps to Y^ which contribute to the partition function (2.3) are of the form 

where are fixed loci in the moduli spaces Mg± Q{S^, (5^). This is the main reason we allow 
at most (—2) curves on the degenerations S^. In the presence of (— m) curves in the base, 
with m > 2, curve classes will n > can contribute to the partition function, and the fixed 
loci will have a more complicated structure. 

Then the partition function factorizes into two parts corresponding to the residual Gromov- 
Witten theory of the sections (5*^)^ 



where 



ZyO = Z(50)+Z(50)_ (2.5) 



7 V- V- 2,-2 p- f eT(R^p,ev*{-Kso)) 



P-&H2(SI)\{0) 

C(/3-)Ci+{H2{S0)) 



i[A7,.o(so,/3-)]^_ eT{R''p,ev*{-Ksi)) 



In the above equations, the integration is performed with respect to the equivariant virtual 
fundamental class with respect to the antidiagonal torus action. For further reference it may 
be helpful to emphasize some aspects of these formulas. 

Note that although both canonical sections (5*°)^ are isomorphic to iS^, they are not 
equivariantly isomorphic to 5*°, therefore the virtual fundamental classes in these two equa- 
tions are different. More precisely [M g^^S^, (5^)]t+ denotes the equivariant virtual funda- 
mental class with respect to the antidiagonal torus action while [Mg^o(5'^, P^)]t- denotes the 
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equivariant virtual fundamental class with respect to the diagonal torus action. Moreover, 
these two sections have different normal bundles in - namely isomorphic to Kgo and 
respectively {—K^^) - which explains the different sign in the construction of the obstruc- 
tion classes. Note also that the summation over homology classes in the second equation is 
restricted to curve classes [3~ G H2{S^) so that i^{(3~) lies in i^{H2{S^)). We will show in 
the next section that such classes must be supported on configurations of smooth irreducible 
(—2) rational curves on S^. In the following we will often refer to Zf^goy as corrections 
at infinity. In section three will compute the partition function (2.5) using the ruled ver- 
tex formalism of [9]. We conclude this section with a construction of a different projective 
completion of which will also play an important role in the next section. 

2.2. Elliptic Fibration Completion 

A second completion of - which is more natural in physics - can be obtained by embedding 
in a compact Calabi-Yau threefold Z^.. We will take Z^. to be a smooth elliptic fibration 

with a section over Sk, or, in other words, a smooth Weierstrass model with base Sk- Then 

Sk is naturally embedded in Zk by the canonical section a : Sk ^ Zk- By a slight abuse of 

notation we will also denote by Sk the image of this section in Zk- The distinction should 

be clear from the context. 

Since Sk is Fano, any effective curve on 5*^ does not move along the normal directions 

to Sk in Zk- Therefore the partition function (1.1) represents in fact a subsector of the 

Gromov-Witten theory of Zk- More precisely we can rewrite 

= E E f?"'"! L ,„ ,„ 1- (2-6) 

■*(ff2(' 



Next we construct a degeneration of Zk by deforming the base Sk to the surface S^ as in sub- 
section 2.1. The smooth Weierstrass model over Sk will deform to a smooth Weierstrass Z^ 
model over S^. since —Kgo is nef. We will denote by cr : 5"° —> Z° the unique section. Exploit- 
ing again the invariance of Gromov-Witten theory under complex structure deformations, 
we find that the partition function (2.6) must be equal to 

up to a change of formal variables q^o = qz'-^iQz^)- Note that since ~Kgo is nef but not Fano, 
there are curves C d S^ which move in Z^ along the normal directions to S^- Therefore the 
partition function (2.7) receives contributions from curves in Z^ which are not in S^- These 
contributions will be analyzed in the next section. 

3. Ruled Vertex and Local del Pezzo Surfaces 

In this section we derive a closed expression for the topological partition function of local del 
Pezzo surfaces using the complex structure degenerations constructed in section two. The 
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starting point is formula (2.5). The residual partition function can be computed using 

the ruled vertex formalism developed in [9] since is a rational ruhng equipped with the 
antidiagonal torus action. Therefore we are left with the computation of the corrections at 
infinity Z^goy. Recall that Z^go^- represents the residual partition function of the surface 
(5"°)" C with respect to the torus action defined above equation (2.4). This partition 
function cannot be directly evaluated by one of the known vertex techniques because the 
infinitesimal neighborhood of {S^)~~ in is not /\ -trivial. In principle one could try to 
develop a new vertex technique for this case using the Donal dson- Thomas/ Gromov-Witten 
correspondence [26] but this would take us too far afield. Fortunately there is another 
approach to the computation of Z^^go^- based on a subtle interplay between the two complex 
structure degenerations introduced in section two which reduces the problem to a familiar 
situation. We will show in subsection 3.1 that the computation of -2^(5°)- reduces to the 
computation of the residual Gromov-Theory for certain trees of (—2) curves embedded in 
(5°)"'" which can be evaluated using vertex techniques. 



3.1. Corrections at Infinity 

By construction, ^(sO)- is generated by effective curves on Y^ contained in the divisor at 
infinity {S^)~ whose homology class lie in the image l'^ {H2{S^)) . Suppose C~ is an irreducible 
effective curve in {S^)~ and let C C denote the image of its projection to S^. We will 
also denote by C+ the image of C under the section : ^ Y^. 

The restriction of the projective bundle Y^ — > 5"° to C is a projective bundle F{Kgo^^ © 
Oc) isomorphic to a ruled surface of degree 

-deg(Kso|^). 

Since —Kgo is nef, —deg{Kgo\^) > 0. This ruled surface has two canonical sections which 
can be identified with , C~ with self-intersection numbers 

Let / be the class of the fiber of the ruling. Then we have 

C- = C+-deg(K5o|J/, 
and it follows that the class of C~ on Y^ is in the image l'^{H2{S^)) if and only if 

deg(i^5o|j = 0. 

This singles out C as an irreducible rational (—2) curve on S^. Therefore we can conclude 
that all curves classes contributing to Zf^go-^- must be linear combination with nonnegative 
integral coefficients of (—2) curve classes on S^. There are finitely many such curves on 
hence the corrections at infinity can be identified with the residual Gromov-Witten theory 
of a finite collection of (—2,0) curves on Y^ embedded in {S^)~. The relevant configurations 
of curves for the surfaces S^, 3 < k < 7 are represented with red line segments in fig. 1 and 
2. 
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Although is not a Calabi-Yau threefold, all these curves are local Calabi-Yau curves 
since they have normal bundle isomorphic to Opi © Opi{—2). However the induced torus 
action on their normal bundles is not the anti-diagonal action, therefore their contributions 
cannot be computed using the topological vertex formalism. We will evaluate them employ- 
ing a different strategy. 

Note that the residual partition function of the section {S'^)~^ factorizes naturally as a 
product of two factors 

(3.1) 



(5,")+^(50) + 



where 



7>0 



70 



exp 



exp 



9=0 /3+e«2(sO) 
{-Kgo,f3+)>0 

k 

00 

{-Kgo,f3+)=0 

k 



iJs yyo 



^ k 



[A/g,o(50,/3+)]j,+ 



eT{R°p*ev*Kso) 
eTiR°p*ev*Kso) 



(3.2) 



As opposed to the convention used so far, the integration in the exponent is now performed 
on the moduli space of stable maps with connected domain. The first equation in (3.2) 
represents the contribution of curve classes which have positive intersection product with 
the anticanonical class to the residual partition function of (5*°)^. Since these curves cannot 
move in the normal directions to (5*°)+ in Y^, it follows that the moduli spaces Mgfl{S^, /3+), 
with {—Kgo,P~^) > are in fact compact. Therefore the contribution Z'^go^+ does not depend 

on the choice of the torus action. The second factor Z?„o-.+ represents the contributions of 
curve classes which are orthogonal to the anticanonical class. These curves can be deformed 
in normal directions to (S^)^ in Y^, hence Z^^o-^^ depends on the choice of a torus action. 
Similarly, the contribution of curves at infinity Zf^go-^- also depends on the choice of torus 
action. Summarizing this paragraph, we conclude that the partition function of a local del 
Pezzo surface admits the following factorization 



Zx^ 



'7>0 /7O y 
'^(5«)+'^(50)+'^(50)-- 



(3.3) 



Now let us concentrate on the elliptic fibration completion described in section 2.2. The 
partition function (2.7) can be written analogously as a product of two factors 



'>0 



O-^cO 



(3.4) 



where Z'^o „o represents the contribution of curve classes which have positive intersection 
with the anticanonical class Ks°^ ^s^'cz" represents the contribution of curve classes 
orthogonal to the anticanonical class. 

The main observation is that the following identity holds 



7>0 



7>0 



(3.5) 
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since both factors have identical intrinsic definitions in terms of the ruled surface S^. Since 
by the deformation argument the left hand side of (3.4) must be equal to the local del Pezzo 
partition function Zxo, we are left with the following identity 



^(SO)+^{SO)- - ^soczo- (3-6) 

Note that by construction the right hand side of equation (3.6) depends a priori on the choice 
of a torus action on Y^, while the left hand side is intrinsically defined in terms of Z°. In 
fact it is not hard to evaluate Z^o^-^o- 

The curve classes which contribute to Z°o^^o are of the form (3 G H2{S^), {Kgo,P) = 0. 

k k ^ 

We have already shown that all such curve classes are generated over nonnegative integers 
by a finite collection of (—2) curves on 5°. Suppose C C 5° is an irreducible rational 
(—2) curve on S^. Since C is orthogonal to the anticanonical class, if the elliptic fibration 
over is generic, C does not intersect the discriminant A G which lies in the linear 
system | — 12X^0 1. Therefore the restriction of the elliptic fibration to C must 

be isomorphic to a direct product C x E, where E is an elliptic curve. This holds for any 
(—2) curve C C S^. In conclusion, by restricting the elliptic fibration to the configurations 
of (—2) curves, we obtain similar configurations of surfaces of the form x £" intersecting 
along elliptic curves. 

Note that for a given k we have several such connected trees of elliptic ruled surfaces on 
Z° in one-to-one correspondence with the trees of (—2) curves on S^. We will generically 
denote the collection of all such surfaces by UaFa keeping in mind that the structure of 
the trees and the range of values of a depend on k. The Mori cone of each such surface is 
generated by two curve classes associated to the rational ruling and respectively the elliptic 
curve class of the direct product. The factor Z°o^^o in (3.6) represents the contribution of 

all rational fiber classes to the topological partition function of Z^. 
We claim that this contribution is trivial 

^s^czo = 1- (3-7) 

This can be shown by analyzing the structure of stable maps to Z° with connected domain 
whose homology class is a linear combination of the rational fiber classes of the elliptic curves. 
Suppose / : S ^ is such a map. Then its image must be isomorphic to a connected tree 
C = UaCa of (—2, 0) curves on so that each irreducible component Ca of the tree is a fiber 
in the rational ruling of one of the surfaces Fa. Let jS = c?a[Ca] denote the homology class 
of this map, where da> are arbitrary degrees. Note that the elliptic curve E acts freely by 
translations on the moduli space Mgfi{Z^, (5). This action preserves the virtual fundamental 
class since the deformation theory of such a map / : S — > Z° is invariant under translations 
along the elliptic fiber. Therefore all Gromov-Witten invariants of nontrivial degree /9 7^ 
vanish by analogy with the Gromov-Witten invariants of abelian varieties or direct products 
of the form E x K3. Substituting this result in (3.6), we obtain 

^{sl)- = (3-8) 
The right hand side of equation (3.8) can be evaluated using vertex techniques. 
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In conclusion, the evaluation of the right hand side of equation (2.5) reduces to com- 
putations in the residual Gromov-Witten theory of the local ruled surface {S^)~^, which is 
captured by the vertex formalism of [9]. 

3.2. Ruled Vertex 

The ruled vertex is the main building block in the construction of the residual Gromov-Witten 
theory of a local ruled surface S —>■ over a curve S of genus g where the ruling is allowed 
to have finitely many reducible fibers. Let X denote the total space of the canonical bundle 
Ks- There is a canonical torus action on S which fixes two sections S, S' pointwise. We lift 
this action to the anti-diagonal action on X described in the paragraph below equation (2.3) 
in section two. The essential point is that with this choice, the fixed sections S, E' become 
equivariantly Calabi-Yau curves on X as in [6]. 

The residual Gromov-Witten theory of S with respect to the anti-diagonal torus action 
can be computed using a TQFT algorithm based on a decomposition of the ruled surface in 
basic building blocks. This decomposition is induced by a decomposition of the base S in 
pairs of pants and caps. The caps are centered at the points in the base representing the 
locations of the reducible fibers. Given such a decomposition of S we obtain a decomposition 
of the surface S by taking inverse images under the projection map ^ S. To each pair of 
pants A C S and to each cap A we associate the piece of ruled surface obtained by restricting 
the ruling to A and respectively A. Note that this decomposition is compatible with the 
tours action along the fibers of S. 

The formalism of [9] associates to each such piece of ruled surface a topological partition 
function labeled by two Young diagrams R, R' associated to the two fixed sections. The pair 
of pants vertex depends on a level p which is a topological invariant of the ruling over the 
pair of pants. Since all surfaces we are interested in can be obtained by successive blow-ups 
of Fq we only need the level zero ruled vertex in the following, which is given by the formula 

VRuiy) = WrqWqr^v^^'^''^ (3.9) 

where y is the Kahler parameter of the ruling. 

We will also need caps, which are in one to one correspondence with the irreducible fiber 
types introduced in section two. The corresponding partition functions cj^,' can be 
computed by localization using the topological vertex [1]. We have the following expression 

Cj--'"^)(yi, ...,y,)= Yl W^Q^ n (9"^'^^'''H-1)"''^'^^^?/;^^'^H/q.Q,..) (3-10) 

Qi,...,Qp «=1 

where yi are the exponentiated Kahler parameters of the fiber components satisfying YYi=i Vi — 
y, and by convention Qp+i = R'- As explained in [9], reducible fibers can be obtained 
by blowing-up points on the sections S,S'. In the gluing algorithm one should insert 
a factor g-'*(^)/2(— i)'!-??) for each blow-up centered at a point on S and a similar factor 
q-i^iR )/'^(^—iyiR ) for each blow-up centered at a point on S'. The decompositions for the Sq 
and Sg degenerations are presented in fig. 3. 
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E' 



E 




Figure 3: Lego decomposition for dP^ and dPg degenerations. 

Using these building blocks, we can construct the residual partition function of any ruled 
surface with reducible fibers of any type. One has to multiply all pairs of pants and caps in 
the decomposition of S inserting the formal Kahler parameters y'f^^\ {u'b)^^^'^ associated to 
the fixed sections as well as the blow-up factors, and sum over i?, R' . The next subsection 
concludes the computation of the topological partition function for local del Pezzo surfaces. 

3.3. Final Evaluation 

Let us first evaluate the main contribution Z(^go-^+ to the partition function (2.5) applying the 
algorithm described in section 3.2. Note that the surfaces 5*°, = 3,4 are toric, therefore in 
these cases the residual partition function can be entirely expressed in terms of the topological 
vertex. For A; > 5, this is not possible and we have to use the ruled vertex. We will write the 
partition function in terms of the Kahler parameters qa, qb,qi, ■ ■ ■ ,qk associated to the Mori 
cone generators of a generic del Pezzo surface Sk- As a preliminary step we first express 
the formal Kahler parameters qyo associated to the Mori cone generators of the degenerate 
surface in terms of the generic parameters qs^ = {qai 'lb,Qii ■ ■ ■ ,flk), k = 3, ... ,7. This 
change of variables is represented graphically in fig. 4. We have: 
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^(^3)+ ~ \\-^) ' ^ 'q ^ ' ' ' Qi VRR'KQaqbqi ^3 ) 

R,R' 

X Cf\,{qaqbqi^q^^)C^RRr^\qaqi^ , (^b^^g^S ?2, qaq2^qz^ 

R,R' 

X c'^R'iqaqbqT\3^)C^RRr^'~^\qaqi^q^^ , g4, ?feg^^gr^)c!fj'~^'^^^(g69r^9^\ ?2, qaq2^q^^ 
X Cjj^, '{qaqbqi qs q^ ^q^)C)iR, '{qaqi q^ ^q^^qbq^ q^ ) 

X CRR''~^'"'^\qbqi^q2^, q2, qaq2^q3^)] , 

^(-2,-1.-2)/ -1 -1 -1 -1 _lN^(-2,-l,-2) / -1 -1 -1 -In 

X {qaqbqi q-s % % ^qe^qbqe )C)^ri (ga?i ^4 ,?4,gfe?3 ?4 ) 

X C'lji?'"^'~^H?b?r^92~\ 92, gag2'^g^^)] , 
R,R' 

^(-2,-1,-2)/ -1 -1 -1 -1 _lN^(-2,-l,-2) / -1 -1 -1 _lx 

X C'W (^agftgi ^3 95 % ^qe^q^qe )<-W (ga^i ^4 ,94,96^3 ?4 ) 
X C'^^R^'~^'~^H9feC^92~^ 92, ?ag^^?3"^)C^~^'"^H97, ^agfegr^gs"^?? ^)] • 

(3.11) 

In order to finish the computation, we have to calculate the corrections at infinity (3.8), 
which are generated by (—2) curves on S^. The configurations of (—2) curves consist of finite 
trees represented with red line segments in fig. 1 and 2 for all values of A; = 3, . . . , 7. Note 
that for A; = 3,4 we encounter only toric trees of (—2) curves which can be evaluated using 
the topological vertex formalism. For A; = 5, 6, 7 we have nontoric trees as well since at least 
one component of the three intersects three other components. Such configurations are not 
toric since there is no torus action on fixing three distinct points. However we can still 
evaluate the contribution of a nontoric tree to the partition function using the degenerate 
torus action. The contribution of the central component can be obtained using the level 
(0, 1) pair of pants vertex for local curves constructed in [6], 



Let us record the results for the trees of (—2) curves for all values of A; = 3, . . . , 7. 



= E i<i^€vy^'''\qaq2Vf'''\WR,oriWR,o 

Ri,R2 
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Figure 4: Mori cone generators for 6*3, . . . , 6*7 degenerations. 



Ri,...Ra 
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X {WR,of{WR,of{WR,ofiWR,o)\ 

Ri,-,R5 

X {WR,oT{WR,ofWoR,WR,R,WR,R,WR,0, 

7O _ (n n~^n~'^V(^^)(n n~'^n~^V(^'2)(n n~^n~^V(^3)(„ ^~1„~1\1{R4)( 

Ri,...,R7 

y<{q^qeY'''\qaqtqi\s'q^\,Y'''\WR,o)\WR,o)\WoR,f{WR,o)-' 

X Wor^Wr^r^Wor^Wr^r^Wor,Wr,r^, 

4o). = imi'<l2Y''\qaq.Vf^^^^^ 
Ri,-,Rs 

x(?5g6"')'^''^ngag6gr'93-'c'%')'^''^H9ig7"')'^''^nw^«3o)-'(W^iiso)-' 

X Wr,r, WoRe Wr^r^ Wor, Wr^r^ Wor, Wr.rs Wor, Wr,r, Wor^ Wr,r^ . 

(3.13) 

According to equation (3.8), the corrections at infinity are obtained by taking the inverse 
of the above formulas. Note that the contribution of an isolated (—2) curve at infinity has 
been computed before by locahzation in [5]. Their result is in agreement with our formulas. 
To conclude this section, the topological partition function of a generic nontoric local del 
Pezzo surface is given by the formula 

Zx, = ^ (3.14) 

with ^(50)+, Z^s°-^+' k = 3, . . . ,7 given in (3.11), (3.13). We have computed the local Gromov- 
Witten invariants of 5*5 using the above formulas for curve classes of the form daa + dbb — 
Yl^=i ^i^i with < da,db < 2 and checked that our results are in agreement with the count 
of BPS states in [22]. 

A. Conventions for Quantum Invariants 

In this section we summarize definitions and conventions for the quantum invariants occur- 
ring in section 3. 

For a Young diagram R we denote by 1{R) the total number of boxes of R and by k{R) 
the following expression 

«(i?) = 2 5^(z(n)-jC)) 
neR 

where i{a),j[a) specify the position of a given box in the Young diagram. 

For two Young diagrams R, P, we define Wrp to be the formal expression depending on 
q = e^9s given by 

... / s _N{l(R) + l{P)) SRpjq, N) 

Soo{q,N) 
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where SRp{q,N) is the modular S'-matrix acting on the characters of the U{N) affine Lie 
algebra. Note that WpR is symmetric in (P, R) and can be written in terms of Schur functions 
Sr: 

where i?* is the length of the z-th row of Young diagram R and i = 1, ... ,00. 
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